Coordinated base station (BS) transmission has attracted much interest for its potential to increase the capacity of wireless networks. Yet at the same time, the sum-rate with single-cell processing (SCP) is known to scale optimally with the number of users in a Rayleigh fading environment. One may therefore ask if the value of BS coordination is limited in the many user regime from a sum-rate perspective. With this in mind we consider multicell zero-forcing beamforming (ZFBF) on the downlink of a linear cell-array. We first identify the beamforming weights and the optimal scheduling policy under a perbase power constraint. We then compare the number of users m and n required per-cell to achieve the same mean SINR, after optimal scheduling, with SCP and ZFBF respectively. Specifically, we show that the ratio m/n grows logarithmically with n. Finally, we demonstrate that the difference in sum-rate between ZFBF and SCP is significant for all practical values of number of users.
INTRODUCTION
Base station (BS) coordination has recently attracted interest as a means to increase the capacity of wireless networks. By interconnecting the BSs and letting them act as a single distributed antennae array the co-channel interference can be greatly reduced [1, 2] . Recently there has been much work on the information theoretic nature of such networks [3, 4] . In particular the downlink can be viewed as vector broadcast channel in which dirty paper coding (DPC) is the capacity achieving strategy. Unfortunately, for most practical applications DPC would be prohibitively complex. Sub-optimal techniques with lower complexities such as linear precoding are therefore of great interest.
In this paper we consider multicell zero-forcing beamforming (ZFBF) together with multiuser scheduling. We are particularly keen to compare the resulting sum-rate per cell, with that of single-cell processing (SCP) and optimal scheduling. The reason for this is twofold. First of all, there is an inevitably increase in complexity with any BS coordination scheme relative to conventional SCP. To justify the use of BS coordination there must therefore be an accompanied gain in performance. Second, the sum-rate with SCP is known to scale optimally with the number of users in a Rayleigh fading environment [5, 6] . A corollary to this may be that there is little need for BS coordination in many user regime.
For analytical tractability we adopt a particularly simple network and interference model. Specifically, we assume an infinite linear cell-array, where each user only receives a signal from the two closest BSs. Furthermore, all users and BSs are equipped with one antennae only. This is a slight modification of Wyner's classical model introduced in [7] . Additionally, we assume flat Rayleigh fading channels and impose a per-base power constraint. The choice of a per-base power constraint is deemed more suitable when the antennas are not co-located. Similar network and interference models were recently used in [3] and [8] , with the exception that the cells were arranged on a circular array. However, we stress that this difference is irrelevant as the number of cells goes to infinity. In [3] the focus was on upper and lower bounds for the per-cell sum-rate under DPC. In particular, the sum-rate was shown to scale as log log n with the number of users n per cell. In [8] the performances of several suboptimal network coordination strategies were characterized. However, no explicit expressions for ZFBF together with Rayleigh fading were given. In [9] ZFBF and multiuser scheduling were studied using a model where each user could see the three closest BSs. A suboptimal scheduling strategy was proposed and shown to scale optimally with the number of users. However, optimal scaling can also be realized with SCP and is therefore not sufficient to justify ZFBF in itself.
In this work we first derive explicit expressions for a set of beamforming vectors satisfying the zero-forcing criterion and a per-base power constraint. Based on this preliminary result we identify the optimal scheduling policy. To make a first comparison with SCP we note that the post-scheduling signal-to-interference-plus-noise ratio (SINR) can be viewed as the maximum of a random sample of size n. This observation allows us to draw on Extreme Value Theory (EVT) [10, 11] to shed some light on the asymptotic behavior of the mean SINR for large n. We scrutinize our findings further by giving some exact result as well as several upper and lower bounds. Notably, we derive asymptotic expressions for the number of users m and n required to attain the same mean SINR with SCP and ZFBF respectively. Interestingly, the ratio m/n is not bounded, but grows logarithmically with the number of users n. Finally, we demonstrate that the difference in sum-rate between ZFBF and SCP is significant for all practical values of number of users.
SYSTEM MODEL
We consider an infinite linear cell-array with n users in each cell. We assume intra-cell TDMA with synchronous time slots (scheduling intervals) across the network. The time slots are assumed to be sufficiently short for the channel coefficients to be constant within a slot, yet contain enough symbols to employ capacity achieving codes. In the following we will focus on an arbitrary symbol transmission interval within an arbitrary time slot and omit explicit reference to time. The received signal for user k in cell j is given by
where xj,xj+1∈ C are the antennae outputs from BS j and BS j+1, aj(k),bj(k)∈ CN (0, 1) are the corresponding fading coefficients and zj(k)∈ CN (0, 1) is normalized Gaussian noise. Finally, β∈ [0, 1] measures the relative strength between the two signal paths.
We use k * j to denote the user scheduled for transmission in cell j. For each user k * j there is an associated beamforming vector vj = {vi,j} i∈Z . The vector of antennae outputs x = {xi} i∈Z is in turn given by the linear combination
where sj ∈ C is the information symbol intended for user k * j . In order to fulfill a per-base power constraint we require E(|xj| 2 )≤ρ for each base j ∈ Z. For notational convenience we fix E(|sj| 2 )=ρ and require the beamforming vectors vj to be normalized accordingly. With the current notation ρ is the mean signal-to-noise ratio (SNR) for a scenario with β = 0.
Finally, full CSI is available to the BSs, while the users are aware of their own channel realizations and employ conventional single user receivers.
SINGLE-CELL PROCESSING
Within the current framework, conventional SCP corresponds to the particular beamforming vectors v j = {δij} i∈Z , where δij is the Kronecker-delta function. The resulting signal-to-interference-plusnoise ratio (SINR) for user k in cell j is
The corresponding distribution for a generic user can be shown to be
(see [6] for a similar derivation).
Optimal Scheduling
The optimal scheduling policy with respect to sum-rate is obviously to select the user with the largest instantaneous SINR in each cell. Let us assume optimal scheduling and define the following two random variables
where d = denotes equality in distribution. Γ1(n) is then distributed as the instantaneous post-scheduling SINR, while Γ0(n) is an upper bound corresponding to the special case β = 0. The distributions of Γ0(n) and Γ1(n) follow immediately from order statistics [12] , in particular we have
It is well known that for β = 0 the mean SINR can be expressed as
where Hn := n k=1 1/k is the nth harmonic number. It follows from the properties of Hn that the mean SINR is asymptotically ρ(log n+γ) where γ = 0.577.. is the Euler-Mascheroni constant [13] . We derive approximate expressions of the mean SINR for other values of β in Section 5.
ZERO-FORCING BEAMFORMING
We now move to ZFBF. We first derive the beamforming vectors vj ={vi,j} i∈Z , before we consider user scheduling.
By definition of zero forcing we require the contribution from symbol sj to be zero for all scheduled users k * i with i = j. Given the particular channel model this leads to
which is a recurrence relation for the components of the beamforming vector vj = {vi,j} i∈Z . Unfortunately, non-zero solutions to (3) can not generally be guaranteed for all j ∈ Z simultaneously. However, if we assume
, for i < j and vi,j = 0 for i > j. Finally, it is verified in the Appendix that the per-base power constraint is satisfied with
To accommodate for the general case we let vj = 0 whenever
However, we note that this is generally a suboptimal choice and reduces the effective number of users that can be scheduled in a cell. To simplify subsequent derivations slightly we also let x j = −xj+1 when vj = 0. All in all this leads to
where [x]+ := max{x, 0} and h(x) = x if |x| < 1 and h(x) = 1 if otherwise. After beamforming this leaves us with the effective channel
It follows from (4) and (5) that the sum-rate in cell j is
where the expectation is taken with respect to the joint distribution of aj(k * j ) and bj(k * j ). We can see from above that the sum-rate increases with decreasing values of β.
Optimal and suboptimal scheduling
To characterize the per-cell sum-rate in (6) further we need to discuss user scheduling. Clearly, the distributions of aj(k * j ) and bj(k * j ) are both dependent upon the particular scheduling policy. From (6) we can immediately conclude that the optimal scheduling policy is given according to
Let us define the following related random variable Γ2(n) :
Γ2(n) is then distributed as the effective SINR after ZFBF and optimal scheduling. In the Appendix we show that the corresponding distribution function is
Additionally, we consider a suboptimal strategy that has previously been suggested in the literature [9] . That is to schedule the user with the best "local" channel in each cell,
In line with the previous notation, we define Γ3(n) to be distributed as the resulting post-scheduling SINR.
SINGLE-CELL PROCESSING VERSUS ZERO-FORCING BEAMFORMING
In this section we compare the performance of ZFBF scheme with that of SCP. We first note that Γ0(n), Γ1(n) and Γ2(n) can all be viewed as the largest order statistics from a sample of size n. Based on this observation we make use of Extreme Value Theory (EVT) [10, 11] , which is concerned with the asymptotic distribution of the largest order statistics. In the sequel, it will be convenient to let Γ 0(y), Γ1(y), Γ2(y) and Γ3(y) be defined for non-integers y. To this end we take (2) as a definition of F Γ 1 (y) (x) and extend it to include all y ∈ R+. Next we define Γ1(y) to be distributed according to F Γ 1 (y) (x). We use identical argument to extend the domains of Γ0(y), Γ2(y) and Γ3(y)
1 . We will sporadically refer to non-integer number of users, hopefully this will cause no confusion in light of the above.
Asymptotic results through Extreme Value Theory
It is readily shown that Γj := Γj(1) (j = 0, 1, 2) is in the domain of attraction of the Gumbel distribution (see [14] for technical conditions). Thus, according to EVT there exist normalizing functions μj(y) and νj(y) such that
where
is the Gumbel distribution. Furthermore, the normalizing functions can be selected to be μj(y) = gj(y) and νj(y) = gj(ey) − gj(y), 1 We tacitly assume that the distribution of Γ 3 (y) is continuously parametrized by y ∈ R + .
where gj(
It is straightforward to show that μ0(y) = ρ ln y, μ2(y) = ρ ln( y 1+β 2 ) and ν0(y) = ν2(y) = 1. Additionally, we have the implicit relation μ2(y(1 + β 2 )) = μ0(y). Similarly, from the observation 1 − FΓ 1 (μ0(y)) = 1 y (1 + β 2 ρ ln y) we obtain the following characterization μ1 y(1 + ρβ 2 ln y) = μ0(y).
Finally, we have that ν1(y) converges to 1 with increasing values of y. Specifically,
where s and t are the solutions to s(1 + β 2 ρ ln s) = ye and t(1 + β 2 ρ ln t) = y respectively. The relationship in (9) indicates convergence in distribution, additionally one also has convergence in moments [15] . In particular, by computing the first moment of the Gumbel distribution we get
for large y. All in all we can infer from above that
for large number of users n. Thus, compared to ZFBF and n users one needs asymptotically a factor of f := β 2 1+β 2 ρ ln n more users with SCP to achieve the same mean SINR. It is interesting to note that f is not bounded, but grows logarithmically with the number of users n. Equally important, f scales linearly with ρ. Thus, ZFBF is increasingly beneficial with increasing SNRs.
Exact results and pre-asymptotic bounds
Even though the above analysis reveals the asymptotic behavior of the mean SINRs it says little about the rate of convergence. Furthermore, EVT is not directly applicable to the study of Γ3(n) since it can not be formulated as order statistics. Below we give some exact result as well as several upper and lower bounds. Detailed proofs can be found in the full paper [16] .
Proposition 1. Assume ZFBF and let the user k with the largest gain |aj(k)|
2 be scheduled in each cell j. The resulting mean postscheduling SINR is
Additionally,
Note that the mean SINR is not bounded above. Nevertheless, there is a performance degradation compared to optimal scheduling. In particular, for β = 1 one needs approximately 35% more users than with optimal scheduling to attain the same mean SINR. In the next result we consider ZFBF and optimal scheduling.
Proposition 2. Assume ZFBF and optimal scheduling. The mean post-scheduling SINR is
where the last inequality is asymptotically tight. Additionally,
We next give similar bounds for the performance of SCP and optimal scheduling. 
Additionally, for n ≥ 7
where q = 1 + 1 1/ρβ 2 + ln n .
Implications for the per-cell sum-rate
The above results pertain to the mean post-scheduling SINR. Unfortunately, because of the concave relationship between SINR and rate they do not all automatically carry over to corresponding relations for the per-cell sum-rate. However, it still seems fair to say
where Cj(n) denotes the per-cell sum-rate corresponding to Γj(n), j = 0, 1, 2. In the same vein, we give a rough estimate of the difference in the per-cell sum-rate for ZFBF and SCP. Let ΔC(n) := C 2(n) − C1(n), then for large n
where t solves n = t(1 + β 2 ρ ln t). Observe that ΔC(n) will eventually go to zero as n → ∞. However, we point out that the convergence is extremely slow.
NUMERICAL RESULTS
In this section we briefly illustrate some our results through Monte Carlo simulations. We first consider the approximate relationship in (10) . Specifically, in Fig. 2 we plot the sum-rate per-cell corresponding to (i) β = 0 (the upper bound) and n users, in the same plot. In all three cases the mean SNR is ρ = 10 dB and for (ii) and (iii) we have β = 1. Observe that there is a good fit between the three graphs even for small n. In other words the approximations in (10) seems to be rather good.
Next we plot the sum-rate per-cell corresponding to zero interference, ZFBF and SCP for the same number of users. Note that there is a significant gain with ZFBF compared to SCP. Even though the two curves will eventually converge this seems to have limited relevance for practical values of n.
CONCLUSION
We have considered ZBFB on the fading downlink of linear cellarray. The beamforming vectors and the optimal scheduling policy under a per-base power constraint were both identified. Furthermore, the resulting mean SINR post-scheduling was extensively studied. To put the performance in perspective SCP with optimal scheduling was used as a benchmark. Specifically, we demonstrated that there was a gain in per-cell sum-rate for all practical values of number of users per cell.
APPENDIX
The per-base power constraint is satisfied when the beamforming coefficients v i,j is given according to (4) Thus the per-base power constraint is satisfied.
The distribution of Γ2(n) is given according to (8) We first derive the density function of Γ2. For x < 0 it is clear that fΓ 2 (x) = 0, while for x = 0 we have 
The result now follows from order statistics.
